Quantum nonlocality is arguably among the most counter-intuitive phenomena predicted by quantum theory. In recent years, the development of an abstract theory of nonlocality has brought a much deeper understanding of the subject. In parallel, experimental progress allowed for the demonstration of quantum nonlocality in a wide range of physical systems, and brings us close to a final loophole-free Bell test. Here we combine these theoretical and experimental developments in order to explore the limits of quantum nonlocality. This approach represents a thorough test of quantum theory, and could provide evidence of new physics beyond the quantum model. Using a versatile and high-fidelity source of pairs of polarization entangled photons, we explore the boundary of quantum correlations, present the most nonlocal correlations ever reported, demonstrate the phenomenon of more nonlocality with less entanglement, and show that non-planar (and hence complex) qubit measurements can be necessary to reproduce the strong qubit correlations that we observed. Our results are in remarkable agreement with quantum predictions.
I. INTRODUCTION
Distant observers sharing a well-prepared entangled state can establish correlations which cannot be explained by any theory compatible with a natural notion of locality, as witnessed via a suitable Bell inequality violation [1] . Once viewed as marginal, nonlocality is today considered as one of the most fundamental aspects of quantum theory [2, 3] , and represents a powerful resource in quantum information science, in particular in the context of the deviceindependent approach [4] [5] [6] . Experimental evidence is overwhelming, all major loopholes have been individually addressed, and the ultimate loophole-free Bell test is within reach [7] [8] [9] [10] . While most Bell experiments performed so far [11] [12] [13] [14] [15] make use of the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [16] , few exploratory works considered Bell tests in the multipartite setting [17] [18] [19] , or for high-dimensional systems [20] [21] [22] .
Quantum nonlocality is, however, a much richer phenomenon, explored in recent years through the development of a generalized theory of nonlocality [2, 23, 24] . The theory aims at characterizing correlations satisfying the nosignaling principle (hence not in direct conflict with relativity). Remarkably, there exist no-signaling correlations which are stronger than any correlations realizable in quantum theory [23] . The most famous example here is the maximally nonlocal Popescu-Rohrlich (PR) box. Recent works showed that such super-quantum correlations may have implausible consequences from an information-theoretic point of view [25] [26] [27] . Also, a more physics-based approach relying on the concept of macroscopic locality has been developed [28] [29] [30] . From these various approaches, it appears unlikely that correlations exist in nature that could violate the CHSH-Bell inequality more than what is allowed in quantum theory, that is, one recovers the Tsirelson bound [32] . However, these results do not exclude stronger-thanquantum correlations for other Bell inequalities [31] , some of which we shall investigate here. This led to the intriguing concept of almost quantum correlations [33] . Importantly, these developments provide a fresh perspective on the foundations of quantum theory (see e.g., [34] for a recent review).
All of these recent developments have come from a theoretical perspective; here we begin to experimentally ex- plore the limits of quantum nonlocality using a high-quality entangled-photon source. We perform a wide range of Bell tests. In particular we probe the boundary of quantum correlations in the CHSH Bell scenario. We demonstrate the phenomenon of more nonlocality with less entanglement [35] [36] [37] [38] . Specifically, using weakly entangled states, we observe (i) nonlocal correlations which could provably not have been obtained from any maximally entangled state, and (ii) nonlocal correlations which could not have been obtained using a single PR box. Moreover, we observe the most nonlocal correlations ever reported, i.e. featuring the smallest local content [46] , and provide the strongest bounds on the outcome predictability in a general class of physical theories consistent with the no-signaling principle [50] . Finally, we observe nonlocal correlations which certify the use of complex qubit measurements. All our results are in remarkable agreement with quantum predictions.
II. CONCEPTS AND NOTATIONS
First, we will introduce the concepts and notations for generalized Bell tests, and then present the experiments. Consider two separated observers, Alice and Bob, performing local measurements on a shared quantum state ρ. Alice's choice of measurement settings is denoted by x and the measurement outcome by a. Similarly, Bob's choice of measurement is denoted by y and its outcome by b. The experiment is thus characterized by the joint distribution
where M a|x (M b|y ) represents the measurement operators of Alice (Bob); see Fig. 1(a) . In his seminal work, Bell introduced a natural concept of locality, which assumes that the local measurement outcomes only depend on a preestablished strategy and the choice of local measurements [1] . Specifically, a distribution is said to be local if it admits a decomposition of the form
where λ denotes a shared local (hidden) variable, distributed according to the density q(λ), and Alice's probability distribution-once λ is given-is notably independent of Bob's input and output (and vice versa). For a given number of settings and outcomes the set of local distributions forms a polytope L, the facets of which correspond to Bell inequalities [2] . These inequalities can be written as
where β a,b,x,y are integer coefficients, and L denotes the local bound of the inequality-the maximum of the quantity S over distributions from L, i.e., of the form 2.
By performing judiciously chosen local measurements on an entangled quantum state, one can obtain distributions 1 which violate one (or more) Bell inequalities, and hence do not admit a decomposition of the form 2. Therefore, the set of quantum correlations Q, i.e., those admitting a decomposition of the form 1, is strictly larger than the local set L. Characterizing the quantum set Q, or equivalently the limits of quantum nonlocality, turns out to be a hard problem [39, 40] . In their seminal work, Popescu and Rohrlich [23] asked whether the principle of no-signaling (or relativistic causality) could be used to derive the limits of Q and surprisingly found this not to be the case. Specifically, they proved the existence of no-signaling correlations which are not achievable in quantum theory, the so-called "PR box" correlations. Therefore, the set of no-signaling correlations, denoted by N S, is strictly larger than Q, and we get the relation L ⊂ Q ⊂ N S (see Fig. 1(b) ). The study and characterization of the boundary between Q and N S is today a hot topic of research [34] . A central question is whether the limits of quantum nonlocality could be recovered from a simple physical principle (i.e., is it possible to derive quantum mechanics from just causality and another axiom).
III. EXPERIMENTAL SETUP
Here, we experimentally explore the limits of quantum nonlocality using a high quality source of entangled photons [7] . Our entanglement source consists of a 355-nm pulsed laser focused onto two orthogonal nonlinear BiBO crystals to produce polarization-entangled photon pairs at 710 nm, via spontaneous parametric down-conversion: the first (second) crystal has an amplitude to create horizontal (vertical) polarized photon pairs, which interfere to produce the entangled state [41] (see Fig. 2 ). Using wave plates to control the polarization of the pump beam, we create polarization entangled states with arbitrary degree of entanglement |ψ θ = cos θ|H, H + sin θ|V, V .
In addition to the ability to precisely tune the entangled state of the source, which is crucial for many of the Bell tests we perform, we also achieve extremely high state quality. To do so, we pre-compensate the temporal decoherence from group-velocity dispersion in the downconversion crystals with a BBO crystal [42] , resulting in an interference visibility of 0.997 ± 0.0005 in all bases. The high state quality (along with the capability of creating a state with nearly any degree of entanglement) allows us to make measurements very close to the quantum mechanical bound in a large array of different Bell tests.
For the Bell tests, the local polarization measurements are implemented using a fixed Brewster-angle polarizing FIG. 2: A diagram of the entanglement source. The high-power laser (L) is prepared in a specific polarization state (depending on the Bell test) by two half-wave plates (HWP1 and HWP2). We precompensate for the temporal decoherence (arising from the group velocity dispersion in the downconversion crystals) by passing the laser through a crystal (TC) designed to have the opposite group velocity dispersion. Passing the pump through a pair of orthogonal nonlinear crystals (NLC) produces the entangled photons. The measurements are performed using a motorized half-wave plate (HWP3) and a polarizing beam splitter (PBS). We then spectrally filter (IF) the photons to limit the collected bandwidth to 20 nm, as well as spatially filter the photons using a single-mode fiber (SMF) to remove any spatial decoherence. Finally, the photons are detected using avalanche photodiodes (APD), the events of which are recorded on a time-to-digital converter (TDC) and saved on a computer for analysis. beam splitter, preceded by an adjustable half-wave plate, and followed by single-photon detectors to detect the transmitted photons. This allows for the implementation of arbitrary projective measurements of the polarization, represented by operators A = a · σ and B = b · σ, where a and b are the Bloch vectors and σ = (σ x , σ y , σ z ) denotes the vector of Pauli matrices. Measurement outcomes are denoted by a = ±1 and b = ±1, where in our experiments the −1 outcome is measured by projecting onto the orthogonal polarization. To remove any potential systematic loopholes (e.g., seemingly better results due to laser power fluctuations), we measure each Bell inequality multiple times, where the measurements settings are applied in a different randomized order each time. Finally, to ensure the validity of the results, we do not perform any post-processing of the data (e.g., accidental subtraction).
IV. EXPERIMENTS AND RESULTS
We start our investigation by considering the simplest Bell scenario, featuring two binary measurements each for Alice and Bob. The set of local correlations, i.e., of the form 2, is fully captured by the CHSH inequality [16] :
where E xy ≡ p(a = b|x, y) − p(a = b|x, y) denotes the correlation function. Quantum correlations can violate the above inequality up to S CHSH = 2 √ 2, the so-called Tsirelson bound [32] . More generally, quantum correlations must also satisfy the following family of inequalities
parametrized by θ ∈ [0, 2π], and where S CHSH = −E 11 + E 12 + E 21 + E 22 is a different representation (or symmetry) of the CHSH expression. Notably, the above quantum Bell inequalities are tight, in the sense that quantum correlations can achieve 2 √ 2 for any θ ∈ [0, 2π]. Specifically, inequality (6) can be saturated by performing appropriate local measurements on a maximally entangled state |ψ π/4 (see App. A). Therefore, the set of quantum correlations Q forms a circle (of radius 2 √ 2) in the plane defined by S CHSH and S CHSH . Fig. 3 presents the experimental results which confirm these theoretical predictions with high accuracy. To make the measurements, we kept the entangled state fixed and varied the settings for 180 different values of θ. The average radius of our measurements was 2.817, with a standard deviation of 0.006, close to the quantum boundary of 2 √ 2 for the projection onto the S CHSH and S CHSH axes. It turns out, however, that the complete boundary of Q cannot be fully recovered by considering only maximally entangled states. That is, there exist sections of the nosignaling polytope where the quantum boundary can only be reached using partially entangled states [36] . Specifically, consider the projection plane defined by the parameters S CHSH and −E . In order to find the quantum boundary in this plane, we consider the family of Bell inequalities
with 1 ≤ τ ≤ 3/2. For τ = 1, we recover CHSH, while for 1 < τ < 3/2 the inequality has the peculiar feature that the maximal quantum violation can only be obtained using partially entangled states [36] . Moreover, for
, the inequality can never be violated using a maximally entangled state of any Hilbert space dimension (see App. B). This illustrates the fact that weak entanglement can give rise to nonlocal correlations which cannot be reproduced using strong entanglement. We achieved violations of the above inequalities (for several values of the parameter τ ) extremely close to the theoretically predicted maximum, by adjusting the degree of entanglement and using the corresponding settings; see Fig. 4 . For instance, tuning our source to produce weakly entangled states, we obtain clear violation of the inequality S τ =1.300 L ≤ 3.2, where we measure S τ = 3.258 ± 0.002, which is impossible using maximally entangled states. Our results thus clearly illustrate the phenomenon of 'more nonlocality with less entanglement' [36] [37] [38] . . Here, θ is defined in Eq. (6), and corresponds to rotating around the circle in Fig. 3(a) . The vertical axis is the distance from 2 √ 2 of the root mean square of S CHSH and SCHSH (i.e., the radius of the data point at a given θ). Plotted values greater than zero correspond to measured values less than 2 √ 2. where the quantum boundary can only be attained using partially entangled states. The orange line is the boundary for no-signaling correlations (the PR box sitting at the top), and the red line is the boundary of the set of correlations achievable by a maximally entangled state (see App. B), whereas the horizontal axis at SCHSH = 2 coincides with the boundary of the local set L. The green curve represents the quantum boundary, with the black points corresponding to measured data points. For large values of −E A 1 − E B 1 (corresponding to less entangled states), the system becomes increasingly sensitive to system noise (i.e., slight state-creation and measurement imperfections), resulting in the measured values deviating slightly from the quantum curve. (b) A plot of the measured values for the tilted Bell inequalities. The red line is the bound of maximally entangled sates, the blue line is the local bound, and the black points are the analyzed data. The red and blue lines cross at 1/ √ 2 + 1/2, where maximally entangled states can no longer violate a tilted Bell inequality. Here, for the measured points up to τ = 1.323, we see a value of Sτ at least three standard deviations above the local bound; notably, we have violations for τ = 1.223, 1.250, 1.265, 1.296, and 1.323 (circled data points in both plots), as well as τ = 1.300 (see text and App. C), none of which are possible for maximally entangled states in any dimension, implying that with less entanglement, we have more nonlocality.
In the remainder of the paper, we go beyond the CHSH scenario and consider Bell inequalities featuring n > 2 binary-outcome measurements per observer. This will allow us to investigate other aspects of the phenomenon of quantum nonlocality. We start by considering the family of chained Bell inequalities [43, 44] I n = a,b=±1 p(a = b|n, 1) + p(a = b|n, n) A plot of the measured chained Bell inequality values for n = 2 to n = 45. Here, the local limit is In = 1 and the nosignaling limit is In = 0. The quantum boundary in this case is the green line; our measured Bell inequality values are connected by the black line, with the error bars lying within the thickness of the line. The local content for a given n is represented by distance from 0 to the measured In value (black line), which is colored blue, and the nonlocal content is the distance from the measured value to 1, colored orange. As the value of In approaches 0, the correlations present in the system match those of a PR box-if In = 0 were measured, the system would require the use of a PR box for every measurement. Our measured points deviate from the quantum boundary due to the 0.3% noise from imperfect state preparation, which becomes more noticeable with larger number of measurements (e.g., I45 requires 360 specific measurements along the Bloch sphere).
Using a maximally entangled state |ψ π/4 , quantum theory allows one to obtain values up to I n = n(1 − cos π 2n ). Note that, as n increases, the quantum violation approaches the bound imposed by the no-signaling principle, namely I n = 0 (here given by the algebraic minimum of I n ). Using our setup we obtain violations of the chained inequality up to n = 45. Because I n becomes increasingly sensitive to any noise in the system as n increases, we found the strongest violation at n = 18, with a value of I 18 = 0.126 ± 0.001, see Fig. 5 . For comparison, the previous best measurement of I n was I 7 = 0.324 ± 0.0027 [45] .
These violations have interesting consequences. First, they allow us to put strong lower bounds on the nonlocal content of the observed statistics p obs = {p obs (ab|xy)}. Following the approach of Ref. [46] , we can write the decomposition
where p L is a local distribution (inside L) and p N S is a no-signaling distribution (achieved, e.g., via PR boxes), and then minimize q ∈ [0, 1] over any such decomposition. The minimal value q min is then the nonlocal content of p obs , and can be viewed as a measure of nonlocality. That is, we can think of q min as being the likelihood that some nonlocal resource (e.g., a PR box) would need to be used in order to replicate the results. For an observed violation of the chained inequality, we can place a lower bound on the nonlocal content: q min ≥ 1 − I n [47] . Notably, for the case n = 18, we obtain q min = 0.874 ± 0.001 which represents the most nonlocal correlations ever produced experimentally. For comparison, the previous best bound was q min = 0.782 ± 0.014 [48, 49] (and if one maximally violates S CHSH , then q min = 0.41). Moreover, following the work of [50] , we can place bounds on the outcome predictability in a general class of physical theories consistent with the no-signaling principle. While quantum theory predicts that the measurement results are fully random (e.g., one cannot predict locally which output port of the polarizing beam splitter each photon will be detected), there could be a super-quantum theory that could predict better than quantum theory (that is with a probability of success strictly greater than 1/2) in which port each photon will be detected. This predictive power, represented by the probability δ of correctly guessing the output port, can be upper bounded from the observed violation of the chained Bell inequality. In our experiments, the best bound is obtained for the case n = 18, for which we obtain δ = 0.5702 ± 0.0005 (that is, given any possible extension of quantum theory satisfying the free-choice assumption [45] , the measurement result could be guessed with a probability at most 57% ), which is the strongest experimental bound (closest to 50% ) to date; the previous bound was δ = 0.6644 ± 0.0014 [45] .
The above results on the chained Bell inequality show that in order to reproduce the measured correlations, nonlocal resources (such as the PR box) must be used in more than 87% of the experimental rounds. While the chained Bell inequality provides an interesting metric of nonlocal content, there are, however, even more nonlocal correla-tions achievable using two-qubit entangled states, which can provably not be reproduced using a single PR box [35] . Interestingly, such correlations can arise only from partially entangled states, since maximally entangled states can always be perfectly simulated using a single PR box [51] . The accuracy of our experimental setup allows for the study of Bell inequalities which require the use of more than a single PR box. Specifically, consider the inequalities from Ref. [35] (for n = 3 and n = 4):
which cannot be violated by any local correlations supplemented by a single maximally nonlocal PR box (L + 1P R), which is viewed as a unit of nonlocality. Nevertheless, by performing well-chosen measurements on a very weakly entangled state (|ψ ≈3π/7 ), we observed violations of the above inequalities (see Table I ). Note that since the observed statistics (leading to M 3322 > 6 and M 4322 > 7) could not have been obtained using a single PR box, they also cannot be obtained using a maximally entangled state |ψ π/4 , and required the use of a weakly entangled state (or two PR boxes). Hence, we provide a second experimental verification of the phenomenon of more nonlocality with less entanglement.
Finally, we consider a Bell inequality which can certify the use of complex qubits (versus real qubits) [52] . Specifically, the Bell inequality is given by
The optimal quantum violation is S E = 4 √ 3 6.928, which can be obtained by using a maximally entangled twoqubit state |ψ π/4 , and a set of highly symmetric qubit measurements. The measurements of Bob are given by three orthogonal vectors on the sphere, and Alice's measurements are given by the four vectors of the tetrahedron:
(−1, −1, 1), and b 1 = (1, 0, 0), b 2 = (0, 1, 0),
. Implementing this strategy experimentally, we observe a violation of S E = 6.890 ± 0.002, close to the theoretical value. Interestingly, such a strong violation could not have been obtained using a real qubit strategy. Indeed, the use of measurement settings restricted to an equator of the Bloch sphere, i.e., real qubit measurements, can only provide violations up to S E = 2 + 2 √ 5 6.472 [52] . Note, however, that any strategy involving a single complex qubit measurement can be mapped to an equivalent strategy involving two real qubits [53, 54] . Thus, the observed violation certifies the use of complex qubit measurements, i.e., spanning the Bloch sphere, or the use of a higher-dimensional real Hilbert space [55] .
V. CONCLUSION
To summarize, we have reported the observation of various facets of the rich phenomenon of quantum nonlocality. The results of our systematic experimental investigation of quantum nonlocal correlations are in extremely good agreement with quantum predictions; nevertheless, we believe that pursuing such tests is of significant value, as Bell inequalities are not only fundamental to quantum theory, but also can be used to discuss physics outside of the framework of quantum theory. By doing so, one can continue to place bounds on the features of theories beyond quantum mechanics, as we have here. Such continued experiments investigating the bounds of quantum theory are important, as any valid deviation with quantum predictions, e.g., by observing stronger correlations than predicted by quantum theory, would provide evidence of new physics beyond the quantum model. Furthermore, nonlocality has important applications towards quantum information protocols, though the optimal way to quantify the nonlocality present in a system is still an open question (see, e.g., [56] ). Here, we experimentally verified, for the first time, that for certain correlations from non-maximally entangled states, two PR boxes (i.e., two units of the nonlocal resource) are required to recreate the correlations from these weakly entangled states. A natural question then is if these systems could be used advantageously for certain quantum information tasks.
Here, we discuss in detail the characterization of the boundary of quantum correlations in a 2-dimensional projection of the no-signaling polytope in the case of binary inputs and outputs (i.e., the CHSH scenario). Specifically, let us consider the 2-dimensional plane (Fig. 3) defined by the expectation values of:
Note that the correlation functions E xy can equivalently be seen as the average value of the product of ±1-outcome local (projective) measurements, i.e.,
a b p(a, b|x, y).
They can thus be evaluated in quantum theory as E xy = tr(ρ A x B y ) where A x , B y are dichotomic observables satisfying
The boundary of the set of legitimate quantum distributions in this 2-dimensional plane is given by the circle (see also [31, 57] ):
or equivalently
To see that this is the case, let us note that for any dichotomic observables A 1 , A 2 , B 1 , B 2 satisfying Eq. (A4), and any θ ∈ [0, 2π], the following identity holds true:
where B is the Bell operator [58] associated with the Bell expression given in the left-hand-side of Eq. (A6), i.e.,
Since the right-hand-side of Eq. (A7) is a sum of nonnegative operators, it then follows that for any quantum state ρ, and hence for any quantum correlation, we must have
(A9) The above bound on the set of quantum correlations is indeed achievable. Explicitly, for each θ, by measuring the following observables:
with χ = θ − 3π 4 on the maximally entangled two-qubit state
[with |H (|V ) being the +1(−1) eigenstate of σ z ], we arrive at quantum correlations that saturate the inequality given in Eq. (A6). By varying θ over the entire interval [0, 2π], it can be verified that one indeed generates the entire (circular) boundary of the quantum set in this 2-dimensional plane. 
where d ≥ 2. Here, we provide further details showing the following observation.
2 ], the family of Bell inequalities given by Eq. (7) cannot be violated by any finitedimensional maximally entangled state |Φ
Proof. Let us first note that for arbitrary τ ∈ [τ Cr , 3 2 ], the Bell inequality S τ can be written as a convex combination of that for τ = τ Cr and that for τ = 3 2 . Moreover, for any given quantum state ρ (and given experimental scenario), it is easy to show that the set of Bell inequalities satisfied by ρ is a convex set. Since S τ for τ = 3 2 cannot be violated by any legitimate probability distribution [36] , it suffices to show that S τ for τ = τ Cr also cannot be violated by |Φ To show that no finite-dimensional |Φ + d can violate the Bell inequality S τ for τ = τ Cr , we make use of the hierarchy of semidefinite programs (SDPs) considered in Ref. [59] for characterizing exactly the quantum correlations achievable by |Φ + d . Specifically, to obtain (an upper bound on) the maximal value of S τ =τCr attainable by finite-dimensional |Φ + d , it suffices to consider a fixed level of the hierarchy, and solve an SDP over the positive semidefinite (moment) matrix variable Γ such that (1) certain entries of Γ are required to be non-negative, (2) certain entries of Γ are required to be identical, and (3) a particular entry of Γ is required to be "1" (for details, see page 16-17 of Ref. [59] ).
To this end, we consider Γ defined by the 17 symbolic op-
, with x, x , y, y ∈ 1, 2 and x = x , y = y . Solving the corresponding SDP via the solver "sedumi" (interfaced through YALMIP [60] ), we found that the quantum value of S τ =τCr attainable by any finite-dimensional |Φ + d is upper bounded by 2(2τ Cr − 1) + with ≈ 1.09 × 10 −8 , which is vanishing within the numerical precision of the solver. In other words, after accounting for the numerical error present in the optimization problem, the output of the SDP provides a numerical certificate that no finite-dimensional maximally entangled state can violate the Bell inequality S τ for τ = τ Cr . This completes the proof of Observation 1.
Note that as τ increases, the equality S τ = 2(2τ − 1), cf. Eq. (7) corresponds to a plane tilting from the horizontal axis towards the vertical axis at −E Fig. 4(a) . For τ = τ Cr , this plane corresponds precisely to the red solid straight line joining the points (0, 2 √ 2) and (2, 0). Observation 1 thus translates to the fact that, in Fig. 4(a) , all correlations present in the region between the actual quantum boundary (green curve) and the red solid line are unattainable by finite-dimensional maximally entangled states -a fact that can also be independently verified by solving an analogous SDP which maximizes the value of S CHSH under the equality constraint that marginal correlations −E Finally, let us note that the same numerical technique could also be used to show that both the M 3322 and the M 4322 inequality hold true (to within a numerical precision of 10 −8 ) for all correlations arising from maximally entangled state of any Hilbert space dimension.
Appendix C: Detailed data and estimated states
In this section, we give the results of the analyzed data and quantum states used for each Bell test presented in this paper. First, for the data collected for the projection onto the S CHSH cos θ and S CHSH sin θ axes, we used maximally entangled states, altering the measurement settings to rotate around the circle in Fig. 3 . Here, we collected data for 1s at each setting (where each point requires 16 total measure- Fig. 4 [Eq. (7)], we collected data for 15 s for each setting (again, 16 total measurement setting combinations). We used states of varying degree of entanglement, which we cite by listing the θ value in the state cos θ|H, H + sin θ|V, V . The analyzed data is displayed in Table II . As a note, the value in the text listed for S τ =1.3 had separately optimized settings (instead of automatically generated settings), as well as was measured for 100 s.
For the chained Bell inequality [Eq. (8) ], I n is the chained Bell parameter, with ν n being the measurement bias. The measurement bias is the deviation of Alice's (or Bob's) individual measurements from being completely random, that is, the difference in probability of measuring output -1 to measuring output 1 (calculated by p(1|x) − p(−1|x)). The bias given in Table III (and the bias used in calculating δ n ) is the maximum bias over all possible measurement settings. Finally, δ n is the bound on the predictive power, with ∆δ n being the uncertainty. The uncertainty of I n is approximately twice as large as the ∆δ n (since δ n ∝ I n /2). For these measurements, we used a maximally entangled state, and collected data for 5 s at each measurement setting, except from n = 18 to n = 21, where we collected for 20 s at each setting, as the first scan through all values of n showed the lowest value in that region. The analyzed data for the chained Bell inequality is shown in Table III . Finally, in Table IV we list the measurement settings and states for the M 3322 and M 4322 Bell inequalities. The settings are given as the angle in the projection onto the state cos a i |H + sin a i |V (and similarly for b j ). Here, data was collected data for 1200 s at each measurement setting. 
